Abstract This paper applies a complete parametric set for approximating the geometry of a quadrilateral element. The approximation basis used is a complete Pascal polynomial of second order with six free parameters. The interpolation procedure is a natural interpolation scheme. The six free parameters are determined using the natural coordinates of the four nodal points (vertices) of the quadrilateral element and the two intersections points of the lines crossing every two opposite edges (poles). The presented scheme recovers the well known Lagrangian interpolation scheme, when every two opposite edges are parallel. A third order Pascal interpolation scheme is also presented. The four midpoints of the four edges in addition to the six nodal point from the second order case are used as significant nodal points. It is expected to reflect the geometry properties better since the shape functions are complete.
INTRODUCTION
The lack of convergence of the quadrilateral elements used by finite element method compared with rectangular and parallelogram elements was observed in an earlier time point [1] . The Lagrangian interpolation scheme is a widely used interpolation scheme in the scope of numerical and computational methods of applied engineering sciences. Lot of text books and research papers, see for instance [2,...,12] , have used this scheme for approximating the differential geometry properties of a quadrilateral shape and establishing a transformation relation between natural and Cartesian coordinates. Lot of efforts have been made to improve the quality of the approximation through applying adaptive procedures, studying mesh distortion as well as analysing approximations error. Example reference studies can be found in [13, ...,18] . A survey about construction of shape functions on convex polygons can be found in [19] . About the origin of the finite element method and the application of the isoparametric transformation, the reader is referred to [20] , [21] .
A complete Pascal interpolation scheme for approximating the geometry of quadrilateral element is applied in the present paper. The presented scheme includes all the terms of the Pascal triangle of certain order. It recovers the Lagrangian scheme in the special case, when every two opposite edges are parallel. The Lagrangian scheme seems to be unable to approximate the general quadrilateral shape or it can approximate it only incompletely. More information than usually used in the Lagrangian scheme must be included in the interpolation procedure. The basic idea of the present application for a quadrilateral element with straight edges is to find six significant nodal points for the use in the interpolation such that, a second order Pascal polynomial with six undetermined parameters can be chosen. For this purpose, the four element vertices (intersection point between every two neighboured edges) and the two poles, where every two opposite edges meet, are selected. The two poles belong to the geometry of the quadrilateral element as well. They play a key role in the approximation. The undetermined parameters are given their geometrical meaning as usual by substituting the special natural coordinates of the significant nodal points and inverting the resulting linear system of equations. It can be shown, that the inversion is possible and leads to shape functions, which include all the second order terms. The present Pascal interpolation scheme recovers the Lagrangian interpolation scheme in the special case, when every two opposite edges are parallel. Therefore, the presented scheme can be adopted directly in a finite element program for approximating the geometry of rectangular and parallelogram shapes. For a 2D third order Pascal interpolation scheme, the four midpoints of the edges in addition to the six nodal point from the second order case are used as significant nodal points. For this case a complete ten term Pascal polynomial can be chosen.
2D SECOND ORDER INTERPOLATION SCHEME
Whenever is not pointed out, Latin indices range over the Cartesian co-ordinates and indices between round brackets identify the nodal points. For example i ranges over ) (
, where (p) denotes the number of the nodal points. and defined by its four vertices (1) , (2) (3), (4) (nodal points)
Let the following values define the same nodal points in a natural coordinate system ) , (
The well-known Lagrangian interpolation approach involves polynomial with four undetermined parameters. Then, the scaled values eqns. (2) of the natural coordinates at the four nodal points are sufficient to establish a transformation relation between the Cartesian coordinates and the natural coordinates.
The current approach starts with a trial Pascal polynomial of second order with six undetermined parameters for approximating the relation between the Cartesian coordinates and the natural coordinates:
In eq. (3) 
This six parametric approximation functions relate an arbitrary point with the natural coordinates ) , ( (2) and (3) (4) are as follows [22] 
And for the other two opposite edges (2) (3) and (4), (1) we have
As a result, we get the Cartesian coordinates 
The matrix 
and the for other two edges 
Eqns. (12), (13) 
where )
( g r  is the position vector of the geometric center . After computing the scaled values eqns. (12) and (13) representing the natural coordinates of the poles ,respectively, the matrix in eq. (2) will be extended to include these values. (14) Now, all the Cartesian and the natural values of the coordinates are prepared for the interpolation procedure and placing a complete two dimensional complete Pascal function of second order over the six nodal points. Substituting the special natural coordinates of the nodal points of eqn. (14) in eqn.(4) yields:
A is a 6x6-matrix given by the following relation: In the special cases, when two opposite edges, or every two of them are parallel, the solution of the algebraic system of eq. (16) 
For the last case (eq. (21)), the Pascal scheme delivers the Lagrangian scheme. Now, the following geometric properties are defined, for more details see for example [23] , [24] , [25] : 
 Contra-variant basis vectors
 Chrisstoffel symbols of the first kind
 Chrisstoffel symbols of the second kind
It is found that the following relations apply
Note that the differential geometry properties at an arbitrary domain point changes significantly from that produced by a Lagrangian scheme owing to the existence of the additional quadratic natural defined from the directions of the covariant and contra variant basis vectors, see Fig.1 , enhances the calculation of some differential geometry properties listed above.
2D THIRD ORDER INTERPOLATION SCHEME
In this case, a ten term Pascal Polynomial is used in order to approximate the Cartesian variables
x as follows:
The four midpoints of the edges in addition to the six nodal point from the 2D second order approximation case are used as significant nodal points. The corresponding natural coordinates for these points are: (9) and (g) (6) or , (g) (7), (g)(6).
The interpolation procedure leads to a 10x10 system of equations, which can be solved to find the undetermined parameters A exists even for straight edges, which means that the first interpolation scheme is included in last higher order case. The higher order scheme can be used for elements with curved edges represented by 1D two order polynomials.
Finally, a fifteen term Pascal Polynomial for approximating the geometry of quadrilateral element with edges represented by 1D third order polynomials is currently under investigation.
The fifteen free parameters are determined from the natural coordinates of the four nodal points (vertices) of the quadrilateral element and the two intersections points of the lines crossing every two opposite edges (poles) as well as of eight nodal points placed on the four edges and those of the geometric centre of the element
NUMERICAL COMPARISION
Example: A quadrilateral domain is defined by its four vertices (1) , (2) (3), (4) (nodal points) The corresponding natural coordinates of the nodal points are
 are computed by applying eqns. (12) and (13) .
Following the computational path from (15) to (18) yields the generalized coordinates: 
Substituting the natural coordinates of the four vertices and the two poles yields to the Cartesian coordinates of these points. Substituting also the natural equation of an edge gives information about how this edge is bounded. It can be easily proved that the essential properties of shape functions are preserved. Note that, the determinant of the Jacobian at the geometric centre is equal to quarter of the area of the quadrilateral element. The integration of the Jacobian determinant over the interval [-1,+1] gives also the area of the element.
The Lagrangian scheme gives: 
